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Abstract

Objectives: This paper propose the operational laws and operators in
interval valued bipolar triangular neutrosophic sets and also to resolve multi
criteria decision making problem using PROMETHEE |l. Methods: Based on
the combination of bipolar neutrosophic sets and interval valued triangular
neutrosophic sets, an interval valued bipolar triangular neutrosophic set
is proposed followed by its operational laws, score function, accuracy and
certainty function. Findings: The arithmetic operators, operational laws and
also the score function, accuracy and certainty functions have been proposed
for interval valued bipolar triangular neutrosophic sets. The PROMETHEE
Il technique discovered and employed an aggregated weighted arithmetic
operator to address the multi-criterion decision-making problem. Novelty: By
the concept of interval valued bipolar triangular neutrosophic set, the results
can be viewed with more accuracy for the linguistic variables rather than the
crisp values. An illustrative example has been explained for the interval valued
bipolar triangular neutrosophic numbers by which the effectiveness is tested
with the comparative approach by using PROMETHEE Il method. Keywords :
Interval valued neutrosophic numbers, Bipolar neutrosophic numbers, Interval
valued bipolar triangular neutrosophic numbers, Score function, PROMETHEE
I method.
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1 Introduction

Smarandache ) in 1998 proposed the neutrosophic set(NS), is a very powerful mathematical tool to deal with vague, incomplete
and imprecise data which we often face in today’s scenario. It is a generalization of the fuzzy sets, intuitionistic fuzzy sets, interval
valued fuzzy sets, interval valued intuitionistic fuzzy sets. Neutrosophic sets are characterized by truth membership function(T),
an indeterminacy membership function(I) and falsity membership function(F) which takes the values from ]0~, 1.

Lee® proposed Bipolar fuzzy sets which is the generalization of fuzzy sets of Zadeh’s®. Bosc and Pivert® quoted that
“Bipolarity refers to the prosperity of the human kind to make reasons and make decisions on the basis of both positive and
negative effects”.

2 Preliminaries

Definition 2.1. ®) “Let X be the universe of discourse. Then a single valued neutrosophic set is defined as: N =
{{x, Ty (x), Iy (x), Fy(x)) : x € X} whichis characterized by a truth-membership function T4 (x) : X — [0, 1], an indeterminancy-
membership function I4(x) : X — [0, 1], and a falsity-membership function F4(x) : X — [0, 1] and the sum Ty (x), 14 (x) and
Fj (x) should satisfy the condition 0 < Ty (x) 4+ I4 (x) + Fa(x) < 3™

Definition 2.2.®“ An interval valued NS is defined by

N={<x: [Tﬁl(x) T , whereas

(), (1ﬁl W) I (x)} ’ ([F’V 0 (xJ o

T b
ﬁ<x): Tﬁl(”)]ﬁu( ):| clo,1]
Iy(x) {Iﬁl ) zﬁ,,(XJ < (0,1,
Fy(x) = [Fﬁl(x) F]T/u<x):| C (0,1] and 0 < sup Ty;(x) 4 sup I5;(x) +sup Fy(x) < 3.

Definition 2.3.7) “A bipolar neutrosophic setA in X is defined asan object of the typeA = { {x, T (x), I (x), F " (x), T~ (x),I " (x),F~(x)) :
X},where TT,IT F":X —[0,1]and T~,I",F~ : X — [—1,0]. The positive membership degree T (x),I* (x), F* (x) denotes
the truth membership, indeterminate membership and false membership of an element x € X to some implicit counter-

property corresponding to a bipolar neutrosophic set A, while the negative membership degree T~ (x),I~ (x),F ~(x) denotes
the truth membership, indeterminate membership and false membership of an element x € X to some implicit counter-property
corresponding to a bipolar neutrosophic set Ain X.

Definition 2.4.® “An interval valued bipolar neutrosophic set A in X is defined as an object of the form

A=

{700, TS @] [0, 0] (B0, E W] 6700, 7 0], [ (), 4 ()] [ (), B ()]}

where T,V T, 1" LT ,FY F,F: X —[0,1]and T, T, 1,1, ,F ,F, : X —[-1,0]"

Definition 2.5. ©) “Let us consider

A=

{1701 @)], [0, 0] [F ). F @] [17 (0.1, @)L [ (), 4, 0] [F(x),F ()]}

2>

d
{7 (), T ()] s [B5 (0, Lo (0] [Fp (), Fp ()] [T () Tp (0] [ (%), Lo ()] [Fip (%), Fip (0] }
be two interval valued bipolar neutrosophic sets, then

T () < T (0, T () < T (0, 5 () > 15 (), I
F(x) > F}(x),and

Ty (1) < Ty (0, Ty (1) < Ty (0, Iy (0) 2 Iy (), 1y () > Ty (), By (x) > By (),
F,(x)>F,(x)forallx € X.

(x) > I} (x), Fj (x) > Fj (%),

x) =Ty () Ty (0) = Ty (0, By () = By (%), Iy (x) = L (%), By (x) = g (%),
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(09 = ), andiy () = T (0 T () = T (05 00 = T (0 13(0) = T, A (0) = g (),
F,(x)=F,(x) forallx € X.
3. The union of A; and A, is defined as,
(A1ud2) () =
[max [T} (x),T;3 (x)] ;max [T, (x),T,5(x)]], [min L] (x), 15 (x)] ,min [I; (x), 15 (x)] ] ,
([min [£ (x), £ (v)] ,min [F,} (), ()] :
[min 71 (x), T}, (x)] ,min [T, (x), T, (x)]] , [max [1;; (x), 15 (x)] ,max [1,; (x). L, (x)]],
[max [F}| (x),F}, (x )} maxLF,;1 (x),F(x)]] forallx € X.
4. The intersection of Ajand A, is defined as,
(14:1 ﬂzz) (X) =
[min [T} (x), T3 (x)] ,min [T} (x),T,5(x)]] , [max [I}} (x), 15 (x)] ,max [If; (x), 15 (x)] ] ,
([max [F;] (x ) 3 (x)] ,max [F (x), F5(x)]] ;
[max [T} (x), T, (x)] ,max [T, (x),T,5(x)]], [min [I;; (x),1, (x)] ,min [I; (x),],(x)] ] ,

min 5 0, (9] min [

ul

(x), FM2 (x)]] forallx € X.
The complement of A, is denoted byAl is defined as

Tie() =17 =Tj(x), Tjc()=1"=T7 (x) [jic(x) = 1" =L} (x)

Lije() =17 =1(x), Fje(x) =17 = Fj(x),Fi(x) = 1" — F (x), and

Tje(x) =17 =T (x), Tpc(x)=1" =T (x),f;c(x) =17 =1 (x)

Lo () =17 =1 (x), Fo(x) =17 = Fyi(x), Fype (x) = 17 — Fy (x) forall x € X™

Definition 2.6. 1% “Let the two Interval valued bipolar neutrosophic numbers (IVBPNNs) are

hNY]|

1
=T @, T W] I @, 0] [F 0, FF ) [Ty 0). T ()] [ () 2 0] [Fiy (0, F (0] 3
A

= {73 (). L] 15 () 15 ()] s [Fg (), BA 0] [T (0, T ()] [ (30), Lo ()] [Fiy (%), Fip ()] }
Then the arithmetic operations on IVBPNNs are discussed below, where @ > 0

1. 0A, =

{ 1= (=) = (=) ) )] [ @D () }
- (1) = ()] |- (- Iﬁ)“,—( m“},[—(1—<1—<—za;>>“),—(1—<1—<—F;1>>“)]

2
(T @] - =) == 1= =R % - - £
(== 1)) = =0 =T [ ) = 0% [= (R = (=R

- - [T+ T3 =T T Ty + Ty = TATa s (s 1L ] [ Fg B Fy L
3.A1+Ax = [ Iy T),, — TulTuﬂv[_( Ly —1p — 111115)7 ( Ly =1, — Iullljz)]

[_< F _F__FITFIE) ( F F_ FulFu_Z)}
4.A1A, =

( T_ T_ T TlE)’ ( Tu_] Tu_2 Tu]TuE)]

{ 51 ) 05405 — 0 1+ s~ L) [+ S = RS+ F — FES). }
[1111127Iu1]u2] [F F127Fu F_}

3 Interval Valued Bipolar Triangular Neutrosophic Set [IVBPTrNS]

Here we discuss, IVBPTrNS and also its operations on its numbers:
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Definition 3.1. An IVBPTrNS A in X is defined as an object of the form

((mc

)T, TH), (T*( ) T (), T*( )]

(1€ ,lzx>,,3<>) SO IELIE )]
) (A ,,2 HON, <x>),(F+<x> (> =0
(1 0.1 (0, T5(0)). (Tu] (9,75 (0,75 ()

(G

(7

’ lz(x 3 (X)
)7F12( ) F13( )

(F

o (6 (0),F () |

I (). <>M3<>)

T T T T T T L L L L L T F F S F S F S F S X — (0,1
Lo T T T T Tk Lo s o B o F s Fo B o F s X = (=1,0)

An IVBPTrNN A is represented by

_+ _+
(<a+,b+7c+:Tl+>7<<a+7b ,c+:TM+)>},<<d+,e+,f+:ll+>,(d ,EJr,f

A= gt F) (5 a7 i F b1 ). (a b e T
[ P ,q ,r l \pP ,q ,r u ]7[ a , ,C i 1 a , ,C L u
N s

Definition 3.4. Let

7 + + o

[(171701) 171"'1 [ 1a617f)7(d1731»f1)}

A= Plafll7rl)7(l7] >Q1ar] 7[(6117 1:¢1 7(d N __)}7 and
d17el7f )a(dl ael 7f1 plaq17r1> (plﬂqlﬂrl :|
+ = —+ + +
[(2’1727 )’(a ) dZveva)’(dz’zvz)}
B= pz,qz, ),(pz,qz,r2 , az, 2,c2 (az,bg,ég)L be two IVBPTrNNs
25627f )7 2aez>f2 , PZaCI27r2) (132_,6?2_’72_)}

1.A € B, iff
af<af, bi<b, <c¢, a<a, bis<bi T <
df 2df, efzef, fir2ff, df=zdi, é&=2¢ i 2 f,
pizpl, afzq, nwzr,, pizpl, @=z@, A=z
and
ar<a;  bi<b;, g<¢g, a<a, b <b a<é,
di 2d;, efze;, fi2f;, dizd;, eé& =26, fixf;,
pr 2Pz, 1 24z, 21 p1 2Pz, a1 2qz 2T
2. A= B, iff
at=af, bi=bj, =d, a=a, bi=bf &=¢&
df =dj, e =¢e7, fif=£, df =d3 e =e; fir=f
pf=pi, ait=q n=rf pf =p3 G =q =13
and - -
a=a, bi=b, a=¢, &=, b=k &=gq
dy =d;, e =e; =, 1 =dz, er =&, =,
Pi=pi,  Gi=q;, nH =15 pr =Pz, G =G, T=7;.

3. The union of A and B is defined as
(AUB)(x) =

https://www.indjst.org/
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[(max{a;’,a; },max {by,b; },max{c],c; }), (max{ay,a },max {by,b; } ,max{ey,&; })],
(min{df .}, min{ef ef }.min{ £}, /5 }), (min{df.d} },min{ef &) }min {77,/ )],
) (min {57, 51} min {qf.gF }.min {77 })]

( g
( i
(min{a7.a; }.min {6 by }.min{cj.c3}) . (min {ar a5 }min {By b5 }min{e7. 65 })
(
(

(max{d; .y fomax{ey .5 }omax {1 }). (max {d .y } max {2725 }max {7y /5 })]

: max {BI’BQ} ,max {g;,g;} ,max {ffvi}) ,(max {py,p; },max{q;,q, } ,max{?f,fg})}

4. The intersection of A and B is defined as
(ANB)(x) =

[(min{a}.af }min {b b} min{cf .¢f }). (min{a;",; }.min {b} B3 } ,min {c . f })].

max {d}",d3 } smax {e} .¢5 }max { £} £ } ) (max {d} . dy } max{ef 2} } max {7 7y }) ]

max {p!.py bomax {qf af bomax {rf,rf }) , (max {5, 5} } max {q} .} },max {r,74 })]

[(max{a;,a; },max{by b, },max{cr,c; }), (max{a,& } max{by,b; } ,max{cy.&; })],

(min{d7 .y} min{er.e; }min{f7. 5 }) . (min{d},dy },min{er.&; }min{f". /5 })]
)

:(min {vaB{} ,min {g;,gg} ;min{r;,r5 }), (min{py,p, } ,min{g;,3 } ,min{ff,f;})] .

(
(

5. The complement of A is denoted by A® is defined as,

at‘=1"-af, a®=1'-af, B°=1"-b, b°=1"-b
qC=1"-¢f, GC=1"-¢, di°=1"-df, df°=1"-df,
gl+C =1*— él+' e—1+C =1+ __31+’ £1+C =1+ _f+ f1+c =1+ _[1+’
piC=1*—pf, PC=1"-p}, ¢°=1"-g, @ =1"—-gqf,
Zl+c =1* — f1+' ,':1+C =1*— 1.1+

and

a=1-a, @&°=1-a, b°=1-b, b°=1-bh,
gf=1"-¢, =1 -¢, di°=1"-d;, di°=1" —d,
eif=1"-¢, &=1-¢, fi‘=1-f, f°=1-f,
pi¢=1-p1, pi°=1-pi, @°=1-q, q‘=1—gq,
nf=1 -1, Rf=1-rn.

Definition 3.3. Let A and B be two IVBPTrNNSs,

+ -t 4 -t 4+ =T\
(<a+ab+7c+> ) <al abl ) €1 ):| ) <<d+,€+,f+> ) <dl €1 7f] ) ’
-1 -1 -1 -1 -1 _q i
_+ _+ _+ = =7 —=\]
A= (<p+vq+7r+)a(p]7Q17r1>:|7<<aabac>7(alablacl> ) and
-1 -1 - -1 -1 -1 ]
((dl_)el’f )a dlaelaf1>:|a<(p aQar1>7<plaql7rl>:|
-1 Sty -1 -1 L+
((a*,b+,c+>,(a2,b2,cz)],(<d+,e+,f+),<d2,ez,f2) )
-2 -2 2 -2 -2 5
_+ _+ _+ - - _—
B: (<P+aq+7”+)7( 27q27r2>:|7<(a7b_7c>7(a2ab2ac2> )
2 _p 2 -2 -2 2
((d76_7f_)7<d2782af2>:|7(<p_aq_7r_>v<p27q27r2):|
-2 2 5 -2 -2 2

https://www.indjst.org/ 1749
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Then the operations are defined as below, where o¢ > 0

l.aA =
[(1-(-ah)1-(-b)1-(1-c))(1-a-ahs1-(1-b) a-a-hH)],
(@)™ ) (5)). (@)% @, (fl N (@) (@)@, @he @hHe @),
[(=(=a0)" =(=b0)" = (=er)), (~(=ap)®, =(=b7 )%, ~(=e)<)],
(=) ~(=e0)" = (~£)"). (= (=dD)" ~C=en)2 = (=)
(-(1= (2= (00))")- (1= (1= (-a0))").- (1= (2= ))")).
(-(1- (= E)*)-(1- = =a)%)=(1- (1= 7))

2.A% =
(@) () (). (@D (63)°, o),
[(1-(-a)1-(1-e))%1- (1—f;))( (1-d}) 1—(1—5;)“.(1—(1—)?1*)"))].

(- (1-pt) = (1-a)" 1 (-5
(- (1= (1= a)).= (1= (1= (=8)").= (1= (1= (-e)))).
(-(-@-ca)-(1- (2= 5)).-(1- (- )

[(~(=a)" ~(=e0)" = (=£)"). (~(=dp)" ==~ (=£)%)].

[(=(=2)" = (=a0)" = (=2)), (= CpDI% ~(=aD)%, (=70

). (1= a-ph%1- 1 -gH% -1 -7D9)|,

3.
[(af + a5 — af.af,bf + b3 — bi.bf,cf +¢cf — cf.cf),
(at + af —at.af,bf + bf —bf.bf,cf +¢f —¢F.¢3))
[(afdf.efed fit £, (atds efes. fir i),
[(ptpt atad,ried ), otod.atad. i),
A+B= [(~araz,~bibs,cic;), (~araz, ~bib;,~cr ¢z )]
[(_(_11__‘12_ —d; dz) _(_91 ) _21_22_)‘_ (_[1_ _[z_ _111_):2_))
( (=di=d; — didz),—(—e;=e; — éfe_z_):_(jffjfz__ﬂ—fz-))]'
(- (-»r plpz) (-ai -4z - 454z),—(-rins = i),
(=(=p1 —p7 —p1P7), —(=0i-G5 — 41 45), — (=77 — 75 —7775))]
4,
lataf, b b3, cf cf, af af, b b3, ci ¢ |
[(d +df — di.df,ef +ef — ef.ed fit + 13 = fiF-f7 ),
(df +df —df.dj.ef +ef —ef.&f ff +f —fir- 7))
((pf +p3 — piptiaf +af — abafrd +1f - ),
AB =
(f +p5 —p1.P3,qF +q5 — i .5, 7 + 75 =17,
[(=ai —a; —ay.a;,—by — by —by.by,—¢y — ¢ —¢1-63)
—(—ay —a; —a;j.a;, b1 —bz_?b_l.bz, cl_—_EZ_—E{.Ez_)],
[(didy.exez2,fi fz). (didz.er €, fi o))l
[(P1pz,0192, 70 12), (1 P2,41 42,71 72 )]

Definition 3.4 . Let

[(af 58 (@ b)) | (e ) et ) ]
A= g;r,g]:,rk),(ﬁkaékik) [(ak7 kvck)v(akv k_vfk_)]a k=1,2,...,nbea
divecof; ) e 7O [ (0 gom) (5sai 7o)

1750
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family of interval valued bipolar triangular neutrosophic numbers, A mapping Ay : &, — & is called interval valued bipolar
neutrosophic weighted average operator if it satisfies,Aw (A1,A2,...,An) = Yi_; wiAxk

| (0= f 080 fl 0"
(1= =aa=fi (1=50)" 1= i 0=
Kkli]l(df)wkvkli(ezf)wkaklill( Z)Wk , kli[1 (E’j)w’kljl(é:)w’kljl (f:)wk) %
(1 ()™ f1 o)™ B ™). (B 0™ fr o o)™ )|
(e s e ). (- f ca f ()" f o)

H
\
=
—~ —

/‘\/I\\
TN N
o
I
k=

1(’:))Wk)’<11}l[ (1(6’))W">, 1
)Wk> T (lkﬁ <17 (%{>)W’<> 7 (1 I_nIl (1= (=)™
) )"

=~
I
—_
~
I

\
7 N
—_
\
»::
/
—_
\
\
o
N—

wy is the weight of Ay (k =1,2,...,n), wx € (0,1] and also Y3, wy = 1.
[(af 8ot (b)) | (e 1)) et )
p,f,g,j,rk*) J(p8.al m ) | [(ag b e) s (ag b, e)] ,k=1,2,....nbea family of
diep £ ) e 0| [(oaom ) (a7
interval valued bipolar triangular neutrosophic numbers, A mapping Gy : &, — & is called interval valued bipolar neutrosophic
weighted average operator if it satisfies, Gw (A1,A42,...,4,) = Lj_; A"~

Definition 3.5 . Let A =

(I T T[T ([ T Toe Teem
k=1 k=1 k=1 k=1 k=1 =1

(1— ﬁ(l -d)"™1- B(l —;*)Wk'l— D(l [?;‘Wk)

k=1
n n \
(1 -TJa-aa-]Ja-em1-]a —f;)”)
k=1 1 k=1
5

k=

(s-TTa-00" - [T-a™ - [ Ja-m0"),

<7<1 [T o))~ (1-[ - ™)~ (1-[ T o))

‘ Y Y~ (s-[-c0)- (-l
:

wy is the weight of Ay (k =1,2,...,n), wx € (0,1] and also Y3, wy = 1.

4 Score, Accuracy and Certainty functions

Definition 4.1 Let
[(a",bT,c"),
a=1< [(p"q*rt),
(d e .f7),

neutrosophic number.

(ﬁ+,l_)+,5+)} ; [(d+7€+7[+) ; (d_+7é+af_+)] ;
(ﬁj,q*,f’jr)] , [(g’,bﬂg’),(&’,l_}’,c—’)], bear be an interval valued bipolar triangular
@ e . /)] e g ), (p.q 7))

https://www.indjst.org/ 1751
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The Score function is defined as,

P at+bt+ct at+bt4et di+e T dt e+t

A re A f dte +f p gt 4G AT
3 3 3 3

The Accuracy function is defined as,
_g++b++g++d++l3++c‘+ prHg+rt ﬁ++q++f++g*+b‘+g* a+b 4+¢ p g +r
B 3

A@) 3 3 3 3 T T3
p-+q +ir

3 ’ o
The certainty function is defined as, C(4) = fw; ety ‘7++i’3+ +et _ 2 +g3 AL .

5 Introduction of MCDM problem in Interval valued bipolar triangular neutrosophic
environment

The best school has to be selected among the four different schools Sy,S2, S3, S4 in a particular locality based upon the five
different attributes D,D;, D3, D4,Ds5 which are listed with IVBPTrNNs. The decision maker has to select the best school
among the four different schools based on the different attributes and also the different weightages based on the preference of
attributes. The five different attributes are Curriculum, Fee Structure, Training for Higher Education, Vocational Training and
Sports, which are analyzed with different weightages which are mentioned in the table below.[Table 1, Table 2].

Algorithm for PROMETHEE-II IVBPTrNNs: Preference Ranking Organization Method for Enrichment Evalua-
tion 11,

Step 1 : According to the decision maker, an evaluation(decision) matrix is tabulated with IVBPTrNNs.

Step 2 : Score values to be calculated for each cell in the evaluation matrix.

Step 3 : Normalize the evaluation matrix for beneficial criteria and non-beneficial criteria by using the appropriate formulae:
Beneficial criteria: R;; = %

Non-Beneficial criteria: R;; = Tty )

. [max(x,-j)fmm(x,-j)]
Step 4 : Compute the evaluative differences of i'” choice in comparison to the others.
Step 5 : Set the preference function P; (a,b).
Pj (a,b) = O, ifRaj S ij
P; (a,b) = (Raj — th),ifRaj > Rpj.

yi=1,2,...m; j=1,2,....n.

. [z wiPi(ab)]
Step 6 : Calculate the aggregated preference function 7 (a,b) = Sy
Step 7 : Depending upon the number of alternatives, m X m matrix is formed and the aggregated preference value for the
alternatives should be formed.
Step 8 : Determine the leaving and the entering outranking flows.
Leaving(positive) flow for a’” alternative, y = ﬁ):g’:] n(a,b), (a #Db)
Entering (negative) flow for a* alternative, y~ = Y7 7(b,a), (a # b)
Step 9 : Obtain each alternative’s net outranking flow y(a) = y*(a) — ¢y~ (a).
Step 10 : Determine the order in which all of the alternatives under consideration should be ranked based upon that value
of y(a). [Table 3, Table 4, Table 5, Table 6, Table 7, Table 8].

6 Conclusion

IVBPTrNNs will provide us with the detailed study of the attributes and alternatives which is mostly needed in the current
scenario. The operational laws and the proposed score function for IVBPTrNNs were discussed and used to solve the
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illustrative example with more precision. We arrived with different rank preferences for different weightages under this
comparative approach for IVBPTrNNs by PROMETHEE II method. Among all the different weightages, the highest weightage
for curriculum and fee structure got the same ranking order of the schools S5 > §1 > S2 > S4, S5 was chosen as the best school.
IVBPTrNNs gives the decision maker to have an overall outlook of all the aspects and can make a better decision. Further study
will be to extent the IVBPTrNNs concepts.
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